Abstract. The main result of the paper confirms, for generic coordinates, a conjecture which states that r(R/I) ≤ r(R/in(I)). Here I is a homogeneous polynomial ideal in R and r(R/I) and r(R/in(I)) are the reduction numbers.
Introduction
Let R = k[x 1 , ..., x n ] be a polynomial ring, k an infinite field and I = 0 a homogeneous ideal in R. We set m = (x 1 , ..., x n )R/I. for some integer r ≥ 0. J is called a minimal reduction, if J does not properly contain a reduction of m (see [6] ). The reduction number of m with respect to a minimal reduction J of m, denoted by r J (m) or r J (R/I), is the smallest r ≥ 0 such that m r+1 = Jm r . The (absolute) reduction number of m, denoted by r(m) or r(R/I), is the infimum of r J (m) over all possible minimal reductions J of m. (This notion was introduced by J. Sally and has proven to be an important invariant (see, e.g. [7] , [8] ).) Let in(I) be the initial ideal of I with respect to some admissible term order on the terms of R (see [4] , Chapter 15, or [3] ). in(I) is a monomial ideal and frequently contains important information about I (see [4] , Section 15.10, and [8] ). A natural question therefore is to ask what relationship exists between r(R/I) and r(R/in(I)). In [8] it was conjectured that r(R/I) ≤ r(R/in(I)).
The purpose of this note is to prove that the conjecture is true for generic coordinates (Theorem 12). This supports the general conjecture to the extent that in all examples done by us r(R/gin(I)) is minimal among r(R/in(I)), where gin(I) is the initial ideal of I in generic coordinates (for a definition of gin(I) see [4] , Section 15.9). We obtain our result as a consequence of our study of the reduction number of Borel-fixed ideals in Section 3. Section 2 gives some preliminary results on the reduction number of a special class of monomials ideals. In conclusion in Section 4, we make a remark on the relationship between the reduction number and the maximal degree in a minimal homogeneous generating set of I.
Preliminary results
We assume throughout that R, I and m are defined as in Section 1 and dim(R/I) = d. Byȳ we denote the image of y ∈ R in R/I.
Definition 2.
If M is any Z-graded R-module, we define
By [6] , a minimal reduction of m can always be generated by a system of parameters. The following lemma is well known. We provide a proof for the convenience of the reader.
Lemma 3. The ideal
J = (ȳ 1 , ...,ȳ d ) ⊆ R/I is a minimal reduction of m if y 1 , ...,ȳ d is a system of parameters (s.o.p.) of R/I withȳ i linear forms, 1 ≤ i ≤ d.
In this case
Proof. Let r = r J (m) and a = a(R/(I, y 1 , ..., y d )). We have 
and thus a ≤ r. Conversely ifȳ ∈ m a+1 , then its imageȳ ∈ R/(I, y 1 , ..., y d ) is 0, since otherwise it would have degree at least a + 1, which is impossible. This means y ∈ (ȳ 1 , ...,ȳ d ), i.e.ȳ =ȳ i1z1 +· · ·+ȳ iqzq , wherez j ∈ R/I and 1 ≤ i 1 < · · · < i q ≤ d. W.l.o.g. we may assume q to be minimal. Then, comparing degrees on both sides, we have deg
We note that this lower bound can actually be attained (see Example 7 ). The following result will be useful for the study of reduction numbers of a certain class of monomial ideals.
Lemma 5.
Assume that I is a monomial ideal of R such thatx n−d+1 , ...,x n is a s.o.p. of R/I. Then any minimal reduction J of m is generated by d linear forms y 1 , ...,ȳ d with
Proof. Let p be a highest dimensional associated prime ideal of I. Then x n−d+1 , ..., x n are not in p. Since any associated prime ideal of a monomial ideal is generated by a subset of variables and dim(R/p) = d, it follows that p = (x 1 , ..., x n−d ). Let S = R/I and for an integer i,
By Lemma 3 we may assume that y 1 , ..., y d are linear forms. If there is no i,
Subtracting multiples of y 1 if need be, we eliminate x n−d+1 from y i , i = 1. Suppose there is no i,
Subtracting multiples of y 2 if need be, we eliminate x n−d+2 from y i , i = 2. Continuing, we obtain a s.o.p.
Corollary 6. Assume that I is a monomial ideal as in Lemma 5. Then for any minimal reduction J of m we have
Proof. By Lemma 5 we may assume that J = (ȳ 1 , ...,ȳ d ), where
Therefore the corollary now follows by Lemma 3.
The following examples show that the difference between r (x n−d+1 ,...,xn) (m) and r(m) in the setting of Lemma 5 can be very large. They also show that the reduction number r J (m) with respect to a minimal reduction J of m depends very much on the choice of J. Together with Corollary 6 this explains why it is still difficult to calculate r(R/I), even for monomial ideals satisfying Lemma 5.
Example 7. Let a 1 > a 2 > · · · > a n ≥ 2 be positive integers.
1. The ideal
is a one-dimensional ideal and (x n )R/I is a parameter ideal of R/I. By Lemma 3 we have
Hence r(m) = 1.
The ideal
is a one-codimensional ideal and (x 2 , ..., x n )R/I is a parameter ideal of R/I. Again by Lemma 3 we get
Since a n + 1 is the least degree in the above generating set, by Proposition 4, r(m) = a n .
Borel-fixed ideals
In this section we study the reduction number of so called Borel-fixed ideals.
Definition 8. The action of a matrix
g ji x j . Let B = {g; g ∈ GL(n, k), g ij = 0 for j < i} be the Borel subgroup of GL(n, k). An ideal I of R is called Borel fixed if g(I) = I for all g ∈ B.
Definition 9. A monomial ideal I is said to be stable if m ∈ I and x i |m imply mx j /x i ∈ I for all j ≤ i.
It follows immediately that a stable ideal I is Borel-fixed. If char(k) = 0, then by [3] , Proposition 2.7, Borel-fixed ideals are stable ideals. Borel-fixed ideals are important, because for any term order such that x 1 > x 2 > · · · > x n , in generic coordinates the initial ideal, gin(I), is Borel-fixed.
Lemma 10. Let I be a d-dimensional Borel-fixed monomial ideal. Then:
(i) (x n−d+1 , ..., x n )R/I is a parameter ideal of R/I and x α n−d is a part of the minimal monomial generating set of I for some α > 0.
(ii) If I is stable, then r (x n−d+1 ,...,xn) (m) = α − 1. Without the assumption that I is a stable ideal, Lemma 10 (ii) is false. Let
In contrast to Example 7, the following result shows that the reduction numbers of Borel-fixed ideals behave well.
Theorem 11. Assume that I is a Borel-fixed monomial ideal. Then for an arbitrary minimal reduction J of R/I we have r(R/I) = r J (R/I). Thus the reduction number r(R/I) does not depend on the choice of a minimal reduction.
Moreover, if the ideal is stable, then r(R/I) = α − 1, α as in Lemma 10.
Proof. By Lemma 10 it suffices to show that r J (m) = r (x n−d+1 ,...,xn) (m). By Lemma 5 we may assume that J = (ȳ 1 , ...,ȳ d ), where
, which is obtained from I by replacing the variable x n−d+i in each monomial m ∈ I by −(a i,1
Then we have R/(I, y 1 , ...,
Since I is Borel-fixed,
Note that if f + g belongs to a monomial ideal I, then both polynomials f and g belong to I too. Hence the above relation implies that
This means I 1 ⊆ I 2 , which yields I 1 = I 2 . Thus by Lemma 3 we get r J (m) = r (x n−d+1 ,...,xn) (m).
Now we can state and prove the main result of this paper, which gives partially a positive answer to the conjecture of Vasconcelos mentioned in the introduction.
Theorem 12. Assume that in(I) is a Borel-fixed ideal. Then r(R/I) ≤ r(R/in(I)).
In particular in generic coordinates the above inequality holds for any admissible term order.
Proof. By Lemma 10,x n−d+1 , ...,x n is a s.o.p. of R/in(I)). Since (in(I), x n−d+1 , ..., x n ) ⊆ in(I, x n−d+1 , ..., x n ), x n−d+1 , ...,x n is also a s.o.p. of R/I. Hence by Lemma 3 the images of the ideal J = (x n−d+1 , ..., x n ) in R/I and R/in(I) are a minimal reduction of their maximal homogeneous ideals respectively. By abuse of notation we also denote these images by J. We have r(R/I) ≤ r J (m) = a(R/(I, x n−d+1 , ..., x n )) (by Lemma 3) = a(R/in(I, x n−d+1 , ..., x n )) (by Macaulay's theorem, see [4] , Theorem 15.3) ≤ a(R/(in(I), x n−d+1 , ..., x n )) = r J (R/in(I)) (by Lemma 3) = r(R/in(I)) (by Theorem 11).
By changing the indexes of variables, we may assume that x 1 > x 2 > · · · > x n . Then we know by Galligo's theorem that there is a Zariski open subset U ⊆ GL(n, k) such that for each g ∈ U, in(g(I)) is Borel-fixed (see [4] , 15.9.2). Since the new coordinates, obtained by a transformation g ∈ U, are so called generic coordinates, the last statement follows. Proof. Since R/I is assumed to be Cohen-Macaulay, it follows from [7] At present it is not clear to us how to calculate in general the reduction number of the coordinate ring of a monomial curve in P 3 . We close with the computation of the reduction number for a special class of monomial curves in P 3 .
Example 15. Let p be the defining prime ideal of the monomial curve is not in (p, y 1 , y 2 ) . Hence, by Lemma 3, r J (R/p) ≥ b − 1. Thus r(R/p) = b − 1. Moreover, by [2] , Theorem 3.1, reg(R/p) = b−1. Since r J (R/p) ≤ reg(R/p) by [7] , Proposition 3.2, r J (R/p) = b−1.
